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D. K/Snig asks the interesting question in [7] whether there are facts corresponding to the 
theorem of Kuratowski which apply to closed orientable or non-orientable surfaces of any genus. 
Since then this problem has been solved only for the projective plane ([2], [3], [8]). In order to de- 
monstrate that  K/Snig's question can be affirmed we shall first prove, that  every minimal graph 
of the minimal basis of  all graphs which cannot  be embedded into the orientable surface f of  genu~ 
p has orientable genus p + l  and non-orientable genus q with l~-q~-2p+2.  Then let f be the 
torus. We shall derive a characterization of all minimal graphs of the minimal basis with the non- 
orientable genus q = 1 which are not embeddable into the torus. There will be two very important  
graphs signed with Xs and X7 later. Furthermore 19 graphs G~, G~ . . . .  , Gx9 of the minimal basis 
M(torus,  > 4) will be specified. We shall prove that  five of them have non-orientable genus q ~  1, 
ten of  them have non-orientable genus q = 2  and four of them non-orientable genus q=3 .  Then 
we shall point out a method of determining graphs of the minimal basis M(torus,  > 4) which are 
embeddable into the projective plane. Using the possibilities of embedding into the projective plane 
the results of [2] and [3] are necessary. This method will be called saturation method. Using the 
minimal basis M(projective plane, > 4) of  [3] we shall at last develop a method of  determining all 
graphs of  M(torus,  > 4) which have non-orientable genus q_~2. Applying this method we shall 
succeed in characterizing all minimal graphs which are not embeddable into the torus. The impor- 
tance of the saturation method will be shown by determining another graph G=o#G~, G2, ..., G,~ 
of M(torus,  > 4). 

In order to characterize the minimal graphs which are not embeddable into 
the torus it is necessary to introduce and to explain some concepts and notations. 
A graph is called subdivision U(G) of a graph ~ G if and only if there are only "new" 
vertices added on edges of G. It is H> ' I  G, if and only if there is a subdivision 
U(G) which is a subgraph of  H. As is well known >1 is a partial order relation, 
it is called subdivision relation. It is remarkable that >1 is embedding-hereditary 2. 
That means: If  H > I  G and H is embeddable into the surface f, then G is embedd- 
able into [. Let r be the set of all graphs which are not embeddable into f, and > a 
partial order relation on / ' .  Then M(I', >)  or M(f,  > )  denotes the set of all 
relative > minimal graphs o f / ' .  It is called the minimal basis of F of f. Using the 
concept of  minimal basis the theorem of Kuratowski tersely says: M(plane, >1) = 
= {Ks, K~.3}. That means: A graph G is not embeddable into the plane if  and only 

t We only consider finite simple graphs without loops. G itself is also called a subdivision 
of G. By the way we assume the notation of [2], [3] and [4]. 

X= is called "Wagnerscher Graph"  in [5]. Xs is the only non-planar graph of the homo- 
morphic basis of the K~. 

AMS subject classification (1980): 05 C 10 
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if G contains a subdivision of Ks or of K3.3. The subdivision relation >1 can be 
defined in a further way. Therefore the five elementary relations R0, R,, Rz, R3, 
and R4 on the set F of all finite, undirected simple graphs are introduced. R0 and R~ 
can be thought of as removing an edge or an isolated vertex of a graph GEE or 
contracting an edge k--(a,  b) of G where at least one of the vertices a or b has got 
the degree 2 at most. R 2 means contracting an edge k'=(c, d) where the endpoints 
c and d are incident to at least three edges of G. R3 is defined to be a relation which 
replaces a trihedral {a}. {el, e2, e3} of G by the triangle (e,, e 2, e3, el). Using 
R4 we must replace a double-trihedral by a double-triangle. We obtain five partial 
order relations >0, >1, >2, >3, >4 with > 0 ~  >,c= > z ~  >3c= >4 by deter- 
mining the reflexive, transitive closure 

> i =  (-] ~J~i 
~i ~ Vi 

with i=0 ,  1, 2, 3, 4, V~=RoU... U R~, and ~R~ reflexive, transitive relations on 
F. If  the set of all relative to >i  minimal graphs is defined to be the minimal basis 
M(F, >i) the following inclusions are true: M(F, >4)~M(F ,  >3) =__- M(F,  >2 )~  
C=M(F, >l)C=M(/' ,  >-0). >0 can be thought of as the well-known subgraph-rela- 
tion, and >1 and >2 the well--known subdivisionrelation and homomorphic rela- 
tion. Because of K3.3>4K5 the theorem of Kuratowski says: M(go, >4)={K5}, 
if / '0  is the set of  all nonptanar graphs of g. 

First, the following theorem (1.1) is a consequence of the embeddingheredi- 
tartness: 

(1.1) A graph G is not embeddable into an orientable or non-orientable surface f i f  
and only i f  G contains a subdivision o f a t  least one graph of  the minimal basis M ( I, > 1). 

Theorem (1.I) distinctly shows the equivalence between K6nig's problem 
and the determinations of all graphs of the minimal basis M(~, >,) .  The following 
theorem will characterize all the graphs of the minimal basis M(~, >1). 

(1.2) A graph H belongs to M(~, >1) i f  and only i f  H has the following three 
properties: 
1. H is not embeddable into I. 
2. For each edge k of  H the graph H - k  is embeddable into ~. 
3. Each vertex e o f  H is incident with at least three edges of  H. 

Proof. Let F be the set of all graphs which are not-embeddable into I, and let H be 
a graph of the minimal basis M(~, >1). Since H is minimal, properties 1. and 2. 
are trivially fulfilled. We shall prove 3. indirectly. Suppose, a is a vertex of H which 
is incident with no edge of  H or with one edge k of H or with two edges k, and k~ 
of H. Obviously H - a  or H - k  or the graphs obtained from H by contracting 
k, or k2 will be embeddable into ~. Thus we obtain a contradiction to the mini- 
reality of H. 

Now assume that H fulfils the properties 1., 2. and 3. Clearly, 1. implies 
HEF. Because of theorem (1.1) we find a graph GEM(~, >1) with H>,G, and 
U(G) ~= H. If  H contains an edge k which doesn't belong to U(G), property 2. imp- 
lies the embedding of U(G) and G. This is a contradiction. Obviously, H--U(G).  
Since H fulfils property 3., we can conclude that H=G. | 
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Before formulating and proving theorem (1.3) we shall give some remarks. 
At first we say that the orientable surface of  the genus pE No is obtained from sphere 
S by attaching p handles. Now if S is the sphere again, we can attach qEN cross- 
caps to S by respective removal of the interior of  the q closed discs and respective 
identifiention of  the boundary of one of  the q MSbius strips with one boundary 
circle of the q discs. The orientable genus ?(G) of a graph G is defined as the mini- 
mal genus of  an orientable surface into which G can be embedded. In other words 
7 (G)=p  means that G can be embedded into the orientable surface of the genus 
p but not into the surface of the genus p -  1. In the same way we define the non- 
orientable genus of a graph. The non-orientable genus ~(G) of a graph G is the 
minimal genus of  a non-orientable surface into which G can be embedded. Is ~ an 
arbitrar 3, orientable surface the following theorem (1.3) classifies the minimal graphs 
of  M([,  >4)- 

(1.3) I f  f is an orientable surface o f  genus pEN0 each graph G of  M(~, >a) has 
the orientable genus y(G)=p + 1 and the non-orientable germs ~(G) with 1 Nf)(G)<= 
<=2p +2. 

Proof. Let f and G be an orientable surface of the genus pENo respectively a mini- 
mal graph of  M(~, >4)- Property 1. of theorem (1.2) implies y(G)=>p+l.  To 
finish the proof  of the equality ? (G)=p  +1, we need only show that 7(G)<=p + 1. 
Let k = ( a ,  b) be an arbitrary edge of  G. The graph G - k  is embeddable into 
because G fulfils the property 2. of theorem (1.2). Now add a "thin" handle for the 
edge k=(a,  b) by attaching both ends of the handle near vertices a and b and 
avoiding all the rest of  G. This handle can be deformed to miss the p handles of  ~. 
Obviously G is embeddable into the orientable surface with p +1 handles. There- 
fore y ( G ) N p + l .  For  the proof  of  the inequality we consider the graph G - k  
with k=(a,  b) again. G - k  is embeddable into I- Then we add k by drawing on 
f. Without loss of generality we can assume that there is only a finite number of  
intersections with edges of  G - k  on f and that no vertex e of G with e t a ,  b is 
incident with k. Let st,s2 . . . .  , sn (nEN) be the intersections we find if we walk 
al~ng k from a to b. Now we add a second edge k" from a to b, very close to k on f 
so that we obtain the corresponding intersections s[, s~, ..., s~. Then we rip up 
the surface f respectively along k and k" from a point between a and sa (s~) to a point 
between s, (s~) and b so that ~ has two holes. By identifying the borders of  those 
holes like a M6bius-strip we obtain a non-orientable surface f* with p handles and 
two crosscaps ,and with the non-orientable genus 2p+2.  Obviously we can draw 
the edge k on f* without intersections with the other edges of G. Therefore G is 
embeddable into ~*, so that the non-orientable genus y(G) fulfils the inequality 
1 _--::~(a)<=2p +2. | 

Paper [1] displays the simple graphs Gp (p=>l) with 7(Gp)=p and each 
can be embedded into the projective plane. Because of theorem (1.2) and the embed- 
ding-heriditariness of  the subdivision >1 we are able to conclude that the projec- 
tive plane contains graphs of  the minimal basis M(~, >~) for every orientable 
surface f (that is to say for every p). The problem whether we can always find mini- 
real graphs of  M(f,  >1) with the non-orientable genus q = 2 p + 2  or whether q 
is always less than or equal to p + 1 remains questionable. But it's obviously clear 
that the following specialization of theorem (1.3) is right. 



248 R. BODENDIEK, K, WAGNER 

(1.4) Let f be an orientable surface of genus p. I f  a graph H of M(f, >1) can 
be drawn on ~ with only one intersection of two edges, the nonor&ntable genus ~(H) 
is less than 2p + 1. I 

Now we should like to specify all minimal graphs of M(torus, >1) having 
the non-orientable genus q= 1 and therefore being embeddable into the projective 
plane. Solving this problem the so-called "Rh6n"-wheels" of the projective plane 
are displayed. Two Rh6n-wheels of the sphere with eight vertices are drawn in 
Figure 1. The figures 2 and 3 represent 

Fig. 1 

( 
two Rh6n-wheels Xs and X7 of the projective plane with eight, 

respectively seven vertices s. 

Fig. 2 

5 

3 ,7 

X6 
1 

5 

4 6 

7 

Fig. 3 

s In another context of [1] it has been proved that H~ can be seen as an example for a graph 
in the projective plane which is not embeddable into the torus. 
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An embedding of Xs into the projective plane is shown on the left of Figure 2. On 
the right of Figure 2 we find another usual embedding of Xs with a greater number 
of intersections of edges. Figure 3 represents a Rh6n-wheel Xr with seven vertices 
on the right. Rh6n-wheels of the projective plane always have an odd number of 
vertices. On the left of  Figure 3 we find an embedding of )27 into the projective plane. 
I f  we join together the circuit (1, 2, ..., 8, 1) of X~ respectively the circuit (I, 2, ... 
..., 7, 1) of X7 and the Rh6n-wheel we obtain the two graphs/-/1 and H2 being rep- 
resented in Figure 4 . / /1  and H,2 are embeddable into the projective plane as we can 
see in Figures 2 and 3. Since both of them are not p lanar / /1  and H~ have non- 
orientable genus 1. Embedding X8 into the projective plane (Figure 2) we see that 
there are four quadrilaterals and an octagon. Now we prove the following : 

2 " ~ ~ . . . ~  8' 2 ' ~ ~ _ _ ~ , ~  7| 

H, 1' H 2 1' 

F~.4 

Theorem 1. The graphs 1"11 and Hz being introduced hz Figure 4 belong to the mi- 
nimalbasis M(Ft, :>z) where Ft is the set of  all graphs not embeddable into the 
torus. 

Proof. Refering to theorem (1.2) we must at first show tha t / /1  and H 2 are not em- 
beddable into the torus. This will be proved indirectly. We assume that/-/1 and H2 
are embeddable into the torus. Then X 8 and Xv being subgraphs o f / /1  and H~ are 
embeddable into the torus. We obtain X8 by subdividing of the two edges (3, 5) 
and (1, 7) of the Ka.~ with the two vertex-triples 1, 3, 6 and 2, 5, 7 and adding the 
edge (4, 8). The points 4 and 8 are the new vertices on the edges (3, 5) and (1, 7). 
Corresponding to this method the vertex 7 is added on the edge (1, 6) of the Ka.a 
with the two vertex-triples 1, 3, 5 and 2, 4, 6 and then the edges (I, 5), (2, 6), (3, 7) 
and (7, 4) are added, too. In order to obtain the required contradiction we shall 
apply to the fact that the K.~.a is only embeddable into the torus in two topologi- 
cally distinct ways A and B (Figure 5). Therefore having subdivided the edges (3,5) 

. . ., , 

' 1 
' ' { - - I I ! t.- . . . .  S - - - ~  

A B 

Fig. 5 

4 *  
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and (1, 7) or respectively the edge (I, 6) is must be possible to embed the missing 
edges (4, 8) or respectively (1, 5), (2, 6), (3, 7), (7, 4) and the circuit (1', 2', .... 8", 1") 
and the eight edges (1, 1% (2, 2') . . . . .  {8, 8') or respectively the circuit (I', 2", ... 
..., 7", 1') and the seven edges (1, 1% (2, 2") . . . . .  (7, 7') into the torus. As there are 
intersections of edges in any case we obtain the required contradiction. Now we 
can assume that /41 and H 2 are not embeddable into the torus. In order to prove 
that / / 1 - k  and H 2 - k '  are embeddable into the torus for each edge k of Ha and 
k' of Ha we only have to consider the following four edges k=(1 ,  1% (1, 5), (l, 2) 
and (1", 2') or respectively k '=(1 ,  1'), (1, 4), (1, 2) and (1', 2% This is based on 
the symmetry of/-/1 and / /2 -  Figure 6 shows the embeddings of  H 2-{ I ,  1% H z -  
- (1 ,  4), /-/~-(1, 2) and /-/2-(1", 2") into the torus. Corresponding to that we ob- 
tain the embeddings of /-/1-(1, 1% / /1 - (1 ,  5), / / 1 - (1 ,  12) and H I - ( I ' ,  2') into 
the torus. Since the degree of each vertex o f / / 1  and H 2 is greater than or equal to 

. . . . .  ~7~T-2-zT----  ~ - - - £ , ~  

, l , /  2/" 3./ £ I 

sL l ,  6 ' ! ~  i 
i i ' _ _ ~ _ _ _ _  _ _ ~ _ ~ _ _  . . . . . . . . . .  ; 
H 2 -  ( f , 2  ~ ) 

2 I 
. . . . . .  

r " -  / : " ~ b ,  -,'-~ ] 

2' 
H 2- (1,2) 

. . . .  

] ~ "  / - 3 '  ~ -  ~ -  
\ 4 V  3 . . ~  2_.-- ~ ~ 

L . . . . . . . . . . .  / _  . . . .  

H2--(1,4} 

r . . . . . . . . . . . . . . . . . . . . .  ~, .,-...1, ~ - , -  I - - 7 ' ,  
I I 

6 r 

I 7 

. . . . . . . .  .1  

H2- (1 i f )  

Fig .  6 
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three the proposition //1, H~CM(torus, >1) now follows immediately from the- 
orem (1.2). II 

A characterization of the minimal graphs of M(torus, >i)  with nonorien- 
table genus q = l  is given in 

Theorem 2. Let H be a graph of  M(torus, >1) with non-orientable genus q=l .  
Then H contains an X s or an X7 for every embedding into the projective plane 
with the following properties: 

1. At most the edges of  the octogon of  X8 respectively of  the heptagon of  
Xr are subdivided. 

2. There are at most the edges of  H in the interior of  the foul" countries o f  
X8 which are bordered by a quadrilateral Each o f  these edges is joining a vertex o f  
the "left" subdivided edge with a vertex of  the "right" subdivided edge of  a quadrila- 
teral (Figure 2). Corresponding to that there are no vertices and 17o edges of  H in 
the interior of  the seven countries o f  X7 which are bordered by a triangle. 

3. All the other vertices and edges of  H are in the octogon of  Xs respectively 
in the heptagon of  X7. 

Proof. Let H be a graph of  M(torus, >1) with non-orientable genus q = l  and 
Xs~: H. At first we shall prove that H contains an U(K3,3). Suppose that H doesn't 
contain an U(K3,3). Then H contains an U(K.~). Since H is minimal U(Ks)=Ks. 
Then H must contain another '-~ " Ks~-Ks, for the K5 is embeddable into the torus. 
The intersection graph of K5 and K~ doesn't contain more than two vertices. Other- 
wise we would obtain an U(Kz, z). But as we know from [2, 3] the union graph of 
/£5 and K~ is not embeddable into the projective plane. Tiffs is a contradiction to 
H having the non-orientable genus q=  1. So we can assume that H contains an 
U(K3,3). Now we consider a determined embedding of H into the projective plane. 
The subgraph U(K3,z) of H divided the projective plane in three countries, which 
are bordered by a quadrilateral, and one country, which is bordered by a hexagon. 
Now we call a connected subgraph of H, which is embeddable into one of the three 
quadrilateral of U(K3, 3), inner relative component in relation to U(K3,s). A connec- 
ted subgraph of H, which is embeddable into the hexagon of U(K~, 3) is called outer 
relative component in relation to U(Ka,3). At last relative components consisting 
of only one edge are called diagonal edges. It may happen that we find another 
"smaller" quadrilateral in a quadrilateral of the U(Ks.3) which delivers another 
subdivision of Kz,.~ together with the other two quadrilaterals of the U(K3,s) of H. 
If  we continue this method of determining new subdivisions of Ks, 3 in H we obtain 
an 0(K.~,s)C=H at last for which each inner relative component in relation to 
/-?(Ka..~) is a diagonal edge, which respectively joins one vertex of the "left" sub- 
divided edge with one vertex of the "right" subdivided edge of the quadrilateral 
of the U(K3.3). Besides each of the three main trails of the O(Ka,s) separating two 
quadrilateral of 0(K3,s) must be an edge, for H is minimal. Therefore these three 
edges and all the inner diagonal edges are briefly called the inner edges of H relative 
to U(K3,s). If  the graph H contained four vertexdisjoint edges, H would be a graph 
performing all the three properties of theorem 2. Therefore we can assume that 
each inner edge of H is incident to a main vertex of/-?(Ka, s). All the inner diagonal 
edges of H c a n  consequently be divided into 12 different bundles of edges BI, B~_, ..., 
..., B12, as shown in Figure 7. Each bundle contains all the diagonal edges being 
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Fig. 7 

incident to the main vertex of 0(K3,,~) referred to and lying in the quadrilateral 
(Y(K3,a) referred to. If  i is odd with 1<=i-<11 one of the bundles B~ and B~+a is 
an empty set for there are no intersections of edges of H (Figure 7). Embedding 
the 0(K3,3) into the torus like A in Figure 5 and denoting the main vertices of the 
hexagon in the middle of embedding A in the same sequence as in Figure 7 is deci- 
sive for the following proof. All the outer relative components of H can be embed- 
ded into the hexagon of the middle of A. Since H is not embeddable into the torus 
we cannot embed all the bundles BI, B2 . . . .  , Bx2 into the two other hexagons of 
A. We have tried to draw all these bundles of edges into the two other hexagons 
(Figure 8). It had to be taken into consideration that there mustn't  be an intersec- 
tions of two "neighbouring" bundles of Figure 7 (for example B.3 and B5 or B7 and 
Bg). Since H isn't embeddable into the torus there are intersections of at least two 
bundles. Without loss of generality 

(1) B2 ¢ 

Since H doesn't contain four vertex 

we can assume intersections of B2 and B3 with 

0 and B3 ~ 0. 

disjoint inner edges it is clear that B~ =D {(b~, b3)} 
or Ba =D {(al, a2)}. Now let be B 2= {(bl, b3)}. Then the equality 

(2) B1 = B4 = Bn = 0 

follows immediately. Now we shall have to discuss the two possibilities 

(~) Bz = {(al, as)} and (fl) Ba ~ {(al, az)}. 

a3 b3 b3 a3 

b 2 al a 2 bl 

o 2 ~ b I a 1 

Fig. 8 
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At first B~=O follows from (a). If B7= {(b2, b3)} or Bo---{(a~, a~)}, H would be 
embeddable into the torus (Figures 7 and 8). Corresponding to this H would be 
embeddable into the torus if BT=B9=O. If BT=0 and B9~0 and so Blo=0, 
B 9 contains an edge ~(a2, a3) and Bl~={(bl, b3)}. Otherwise H would contain 
four vertex disjoint edges. But then H would be embeddable into the torus. Cor- 
responding to this we can derive a contradiction in case of B~=O and B7~0. 
So we have B7~0, Bo~0, B7~{(b2, b3)} and Bg={(a2, a3)}. Then B 7 and Bo only 
contain one edge each and both edges are incident to the same vertex of the main 
path a2... b3 of U(K3,~) for H would have four vertex-disjoint inner edges other- 
wise. Obviously H now fulfils the proposition of X7. In case of (fl) B3 contains an 
edge ~(al,  a2). Furthermore (bl, b2)EBl~.. Since H doesn't contain four vertex- 
disjoint edges either B9=0 or Ba= {(a2, a~)}. Corresponding to the last possibility 
of (a) we can prove the proposition of );7 in case of Bo = {(a2, a3)}. Therefore we 
can assume 
(3) B~ = 0. 

Since H isn't embeddable into the torus there must be an intersection of either Be 
and B7 or B5 and B 8 (Figures 7 and 8). Then one of these bundles must be the diago- 
nal. If Be= {(al, az)} or B7 = {(b2, bs)}, H would be embeddable into the torus. 
If Bs={(bl, b2) } then B~=0, in contradiction to (1). In case of Bs={(a2, a3)} 
we have the equality 
(4) B 7 = B l o = 0  with B ~ 0 ,  

for H isn't embeddable into the torus. Corresponding to Bg= {(a~, as)} we obtain 
the proposition of XT, and all cases have been discussed. 1 

Determining the minimal basis of all graphs not being embeddable into the 
projective plane we see from [2] and [3] that it is very useful to intensity the propo- 
sitions of the minimal basis. Therefore the partial order relations >2, >3 and >4 
were introduced. Referring to the partial order relations >1, >~, >3, >a every 
minimal basis of a set of graphs F ~ 0 fulfils the proposition M(F, >a) ~ M ( F ,  >4) 
D=M( F, >3)=DM(F, >4). Now theorem (1.2) can be a supplemented by the folio- 
wing properties 4 ,  5. and 6. : 

4. Each R2(H) is embeddable into f. 
5. Each R3(H) is embeddable into ~. 
6. Each R~(H) is embeddable into ~. 

Corresponding to theorem (1.2) the theorem (1.2') is worth pointing out 

(1.2") A graph H belongs to M(f,  >g) with i=1,  2, 3, 4 if, and only if, H fulfils 
the properties 1., 2., .... (i+2). | 

Since (1.2) has been proved in full length we renounce the proof of (1.2"). 
Applying to (1.2") and the embeddings A and B of the/£3,8 into the torus we shall 
now prove the following theorem 

(1.5) The fourteen graphs G1, G2 . . . .  , G14 of Figure 9 belong to M(torus, >4). 

Proving theorem (1.5) we decisively use the fact that each graph H of M(to- 
rus, >4) with H¢G1, G 2, G3, G4, G5 contains a U(K3,s). Since we have to discuss 
a lot of different possibilities we renounce the further proof. 



254 R. BODENDIEK,  K. W A G N E R  

With the help of the 12 minimal gaphs of M(projective plane, >4) in the 
first Figure of [2] we can decide that each of the 14 graphs of Figure 9 has the non- 
orientable genus q_>-2. 

In order to characterize the non-orientable genus of a graph G we at first 
introduce the concept of the "diagonal cross point". It's clear that every graph G 
can be drawn in the plane if crossing of edges are admitted. If  it's possible to draw 
all the edges going through a cross point as straight lines in a sufficiently small 
neighbourhood of this cross point, we call it a diagonal cross point of the graph 
G. For example there is the graph G~ of Figure 9. It's obviously clear that every 
crossing of exactly two edges always is a diagonal cross point. 

O~ 02 G 3 G~, 

G 5 G.S G7 

G 9 = 3 ~ K 5 Gli = K 8 -  

G I 0 : 3 ~ 7  GI2 = K 8 -- 

(i; 8 

OIL G: 3 

F i  E. P 

If'v" 

Theorem 3. I f  G is a graph o f  the nomorientable genus q ~ 1, G can always be 
drawn as a graph in the plane with diagonal cross points h~ such a manner that there 
are q diagonal cross points, and there doesn't exist a drawing o f  G in the plane 
with less than q diagonal cross pohTts. 

Proof. Let G be a graph of the non-orientable genus q=> 1. Then G can be drawn 
in the sphere with q crossing caps. Drawing the edges on each crossing cap diago- 
nally we always obtain a diagonal cross point of G. Therefore G can be drawn in 
the plane as a graph with q diagonal cross points. On the other hand if G can be 
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drawn in the plane with only d diagonal cross points it follows that the non-orient- 
able genus q is less than or equal to dwith q<=d. Therefore d=q. | 

Since all 14 graphs of Figure 9 have a non-orientable genus q=>2 we get 

Theorem 4. I f  G is one of  the graphs G1, G2, G3, G4, G6, G7, Gs, Gll, Gla, G14 of 
Figure 9, the non-orientable genus y (G)=2. 

Proof. Applying to theorem 3 the proposition of theorem 4 follows immediately 
with the exception of Gll (Figure 9). GH is obtained from a K8 by deleting all the 
six edges of the complete bipartite graph 2 . 3  is composed of a K6 and a K 2 at 
which both vertices of the K2 are adjacent to the three vertices of a triangle of the 
K s. Since Ks is embeddable into the projective plane and every embedding of/£6 
triangulates the projective plane it follows from theorem 3 that Gll has a non-ori- 
entablegenus q=2. | 

Theorem 5. The graphs Go, G9, G~o and G~a of  M(torus, >4) (Figure 9) have a 
non-orientable genus q = 3. 

Proof. Looking at G5 we find out that for every embedding of G0 into the plane 
each of the three K~-k  forming G5 has at least one cross point. Since each graph 
with n vertices and k edges embedded into Klein's bottle fulfils the estimation k<=3n 
and G9 has n=8 vertices and k=25 edges, G9 has the non-orientable genus q=~3. 
On the other hand applying to an embedding of K7 into the torus G9 can easily be 
drawn in the torus with only o~e crossing of two edges. Since the torus with one 
crossing cap added is equivalent to a non-orientable surface of genus 3, it follows 
that G9 has non-orientable genus q~3, and therefore q=3. Referring to em- 
bedding A of K3,3 into the torus (Figure 5) we find out that G10=K3,7=3*.7 has 
also non-orientable genus q_-<3. But in case of G10 we can't prove the proposition 
by using the estimation k~3n. In order to show q=>3 several possibilities must 
be discussed. Since some of them can be found in [2] and [3], we renounce the proof 
of this property now. In case of K12 we have to proceed similarly. In order to prove 
q<=3 we look at Figure 10 showing that G~a obtained from the K s with the vertices 
1, 2, ..., 8 by deleting the edges (1, 2), (3, 4), (4, 5), (6,7) can be drawn in the torus 
with only one crossing of the two edges (2, 6) and (5, 8) of Gla. 

Now we shall discuss the case of the non-orientable genus q= 1 for//1 and 
//2 being introduced in Figure 4 have non-orientable genus q = 1. As we know from 
theorem 1 //1 and//2 belong to M(torus, >1). It's quite astonishing that we obtain 
five graphs G15, Gls, G~v, Gls and G~9 of M(torus, >4) with non-orientable genus 
q = 1 only by applying theorem (1.2") (Figure 11). 

Theorem 6. The graphs G~5, G18, Glv, G,s and G19 of  non-orientable genus q= 1 
(Figure 11) belong to M(torus, >4). 

Proof. At first we shall prove that//1 and/72 even belong to M(torus, >2). Because 
of theorem 1 and theorem (1.2") it remains to show that all graphs obtained from 
//1 and//2 by contracting an edge k of/-/~ or / /2 ,  are always embeddable into the 
torus. From the symmetry o f / / i  and H a it's clear that we only have to discuss three 
possibilities at a time. The embeddings into the torus of these six graphs follow 
immediately from embeddings A and B of the K3,3 (Figure 5). Applying (1.2") and 
minimalizing//1 and Ha with R3 and R4 (graphically at the vertices of the exterior 
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circuit of / /1  and/-/2 in Figure 4) we obtain the five graphs G15-G19. Specifying 
this we can say: GI~=R] (Ha), Gle=-R~(H1), G17=R~(H1), G 1 8 = R ]  (/-/2) and 
G19=Rs(R4(H2)). Since each graph RI+I(G) (i=1, 2, 3) of a graph GEM(~, >i) 
(for each orientable or non-orientable surface ~) is always embeddable into f or 
belongs to M(~, >~) the proposition of theorem 6 is proved 4. 

So we can summarize that Gx, G2 . . . . .  G19 represent a number of interesting 
graphs of M(torus, >4) with the non-orientable genus q= 1, 2 or 3. It is not known 
whether we can find ~aphs of M(torus, >4) with non-orientable genus q=4. 
From theorem 2 we can see that the graphs of M(torus, >1) and because of M(torus, 
>4) ~M(torus, >1) the graphs of M(torus, >4) can be classified corresponding 
to X7 or ):'8. Let G be a graph of M(torus, >4) containing a X7. Since ~(G)=I 
we can regard a fixed embedding of G into the projective plane. Applying theorem 
2 we know that all relative components of G in relation to Xr (or "QuerstiJcke" of 
G in relation to XT) excepted the four edges of X7 not belonging to the U(K3,3)c= X7 
can be tbund in the heptagon $7 of X7 (Figure 3). The seven paths 1...2, 2...3, 6...7 
and 7...1 of $7 are shortly called the sides of $7. Furthermore it's said that the 
side 3...4 is opposite to the sides 6...7 and 7... 1, and similarly for the other sides of $7. 

(1.6) t f  p and q are vertices on two sides being opposite 5 to each other every path 
from p to q within $7 (h~ the projective plane) crosses at least one relative compo- 
nent of G in relation to XT. 

Proof. Because of the symmetry of X7 we can assume that p is lying on side 1...2 
and q is lying on side 4...5. Suppose that path W doesn't cross any relative compo- 
nent Q of G in relation to )f'v. Since W divides the interior of $7 into two compo- 
nents S' and S" every relative component Q of G relation to Xr is lying in S' or S". 
Figure 12 shows an embedding of X7 without edge (1, 5) into the torus on the left. 
On the right you see an embedding of Xr into the torus where edge (1, 5) has been 
drawn into the decagon. S' and S" have been hatched in Figure 12. As obviously 
every relative component Q of G in relation to X7 can be embedded into the decagon, 
we have found a contradiction to G not being embeddable into the torus. II 

It follows from (1.6) that all basis points of a relative component Q of G in 
relation to X7 are not lying on one side of $7 and on both sides being opposite. 

iM/] 
L . . . . .  . L  . . . . .  J 

31 

1, 

2~  I 

Fig. 12 

4 See [4]. 
s The reader should note that the endpoints of the two sides are included and on the hand 

p and q are not to be thought of lying on the same side of $7. 
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Therefore theorem (1.6) shows how we can determine all possible relative compo- 
nents of  G in relation to X7 and besides all minimal graphs with non-orientable 
genus q=  1. This method can be called as "the satisfying method". It can be discri- 
bed graphically in the following way: Embed the X7 into the torus and add possible 
relative components of  G in relation to X7 until you must leave the torus. Such a 
satisfying method has already been used in order to specify the 12 minimal graphs 
of M(projective plane, :>4) in [2] and [3]. This satisfying meihod now can similarly 
be used for the other minimal graphs of M(torus,  >~) with the non-orientable genus 
q >  1. Before describing that way some remarks are necessary. Let G be a graph of 
M(torus, >4) with the non-orientable genus q :>1. Since the minimal basis M(pro-  
jective plane, >4) is welt known--f rom [2] and [3] we known all the minimal graphs 6 
G~, G.~ . . . .  , G'12--it follows that G>4G~ for at least one v = l , 2  . . . . .  12. Because 
of  G'I=G1 and G~=G2 v = l  and v=2  can be omitted. 

Based on the well known properties of the four minimal bases M(projective 
plane, >~) ( i=1,  2, 3, 4) we can find a graph G(~EM(projective plane, >,.) for 
each i=1,  2, 3, 4 with G>~G (°. Obviously G(~)=G; for at least one vC{3, 4 . . . .  
.... 12}. If  G (') ~ G  C~-~) ( i=2,  3, 4) we can assume a sequence of  graphs G~0 i), G} °, ... 

~(0 with G(o°-G (i-~) ~(0_r:(i~ and G f -  (~) -R~(G,_I) ( p = l ,  2, 2i). 
. . ,  ~ I . / ) .  i - -  ~ k-~ 3.i - -  x ~  , . . ~  

(1.7) Let G be a graph of  M(torus,  >4) with the non-orientab[e genus q > l .  Then 
there are four graphs G(1)EM(projective plane, >i) ( i=  1, 2, 3, 4) with the following 
properties: 
1. G>IG (1). 
2. G(0=R~, (G (i-~)) for 7 each i=2,  3, 4, and 
3. M(projective plane, :>4)= {G~, G._; . . . .  , G~._,}. 

Applying to theorem (1.7) we now can describe the "satisfying method" 
for graphs with non-orientable genus q >  1. Coming from each G~. of M(projective 
plane, >4) (v=3,  4 . . . .  , 12) all the graphs R~-I(G'), R{2(G'~), Ri-a(G;) . . . .  are to 
be concerned until we first obtain a graph R{)(G;) (Z=I ,  2, 3, ...) not being em- 
beddable into the torus for G~, G; . . . . .  G~., are embeddable into the toms. Simp- 
lifying the description we shall call all those graphs R~-cr i t ical  which are not embed- 
dable into the torus. The set of the non-Ri-X-critical graphs will be called R~-~-clo - 
sure o f  {G~, G~ . . . . .  G;.,} in the torus and will be denoted by Hi-~({G~, G~, 
.. .,  G~}, p = 1) or shonl); by H4 -~. Similarly we regard all the R~-l-critical graphs of 
Hi  -x and the B~-~-closure of / /4-  ~ in the torus. It's shortly denoted by -~ H~,~. At last 
we have to consider all R.;-~-critical araphs of  H -~ The R ;  ~ -closure of H. -~ in . ~ 3 , 4  " - 3 , 4  

the torus is denoted by H;~.~. So we obtain two finite sets of  graphs 
denoted by .~t({G~, G;, ..., G;~}, p :> l )  and H-~({G'2, G; . . . . .  G;~}, p = I ) = H 4 - Z U  

- 1  - 1  UH;,~UH~,~,~. The first set is the set of  all critical graphs of orientable genus 
p > l .  

(1.8) Let G be a graph o f  M(torus, >4) with non-orientable genus q > l .  Then 
either GESI({O~, G; . . . .  , GI~}, p :> l )  or G contains a subdivision of  at least one 
graph of  H-~({G~, G~, ..., G;2}, p =  1). 

6 The 12 graphs of M(projective plane, > ~) are denoted with apostroshies in order to differ 
from G1, G~ ..... G~ of M(torus, > 4). 

A~ means a natural number, 0 included. In case of ).~=0 the above menioned equation 
is G(°=G (~-1). 



T O R U S - - M I N I M A L B A S I S  259 

Proof. From (1.7), (2) we know that there is a G(3)EM(projective plane, >3) with 
Ga)=R~'  (G (3)) and G(4)=G; for vC{3,4 . . . .  ,12}. It follows that G(3)=R~(G'4). 
In case of 24=0, G(3)=G (4). So we only need to regard G (3). Applying (1.7) we can 
conclude similarly in case of i = 3  and i=2,  and we obtain G(1)=Rg x-" 
(R;~(R;~'(C'))) with a>IG(I~. | 

The last equation of the proof of theorem (1.8) graphically shows a simple 
method of construction the graph G (t). Coming fi'om G'~ (v=3, 4, ..., 12) we ob- 
tain G (1) by using Ri -~, R; -1 and R~ -~ retrogradely. Since all the graphs G of M(torus, 
>~_) excepted G~ and G 2 (Figure 11) are at least 2-connected, and G1, G2 may be 
excluded in the above mentioned consideration we obtain another construction 
G >1G(t) from G (1). We add relative components to G (~) in such a manner that each 
relative component is attached to G (~) in at least two basis points of G (x). Doing this 
we must observe the facts that all the relative components excepted their basis 
points must be disjoint, and that all the basis points are either vertices of G (~) or 
new vertices added or edges of G m. We state this result formally in the following 

Theorem 7. I f  GCG1, G~ is a graph o f  M(torus, >4) with non-orientable genus 
q > l ,  G ca,, be built f rom a graph G(1)=R2-'~'e(R~ -)'a (R~-'~'(Gv))) (1,'E {3, 4 . . . .  ,12}) 
and relative components in relation to G a) with at least two basis points each in such 
a manner that all the basis points are vertices o f  G (~) or new vertices on edges o f  G (~) 
and that all the relative components excepted their basis points are disjobTt to each 
other and to G (~). | 

We now conclude with an example showing how we can obtain the graph 
G20 (Figure 13) as a new waph of M(torus, >4) using theorem 7. 

x 

G2O .q 

F@ 13 

(1.9) Gzo6M(torus, >4). 

Proof. Since G2o contains an U(K3. 3) which divides lhe torus into 2-cells for every 
embedding into the torus G20 is not embeddable into lhe torus. Furthermore we see 
immediately that we can't use R4 in case of G~o and that we can use R3 in case of G20 
in exactly one way. Figure 14 shows R3(G~.o) and an embedding of R3(G2o) into the 
torus on the right. We realize that we can't use R~ in case of eight of the 19 edges of 

R3 (G2o) 

r - - ~ $ - - ]  

I I 

L-- __I- .... L-- ----M 

Fig. 14 
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the G~o. Because of  the symmetry of  G~.0 there are only three edges to be considered. 
Applying to the embeddings A and B of the K3.3 into the torus (Figure 5) we can 
prove analogically to the graphs R3(G2o) that the three different R3(G2o) are embed- 
dable into the torus. G206M(torus, >4) follows from (1.2"). | 

Since Gzo isn't embeddable into the projective plane and therefore has non- 
orientable genus q > 2  G2o is suitable for demonstrating the satisfying method 
in order to construct minimal graphs of M(torus,  >4). For  example the graph 
G6EM(torus, >4) (Figure 9) can be built from R~I(G'~z) by adding a relative com- 
ponent Q =  1 . 3  with three basis points. Therefore G6=Ry~(G~2)U(1 * 3). 

Applying to the definition of  the R~-l-closure we obtain the equation 

t2 

- ,  " ' , ' l )  U H  ( { G , } , p = l ) .  H . . . .  p =  = ' 
V=3 

Applying to the definition of  the critical graphs we obtain the equation 

12 
t / t t 

c , ,  . . . ,  p > l )  = U p > 1).  
V=3 

For example looking at the graphs G ' = 2 . 3 . 3  and G ~ = 1 . 3 . 3 . 1  of  
M(projective plane, >4) we obtain H-a({G;}, p :  1)=H,;~({G'~},p = 1) with v=5,  6 
for they both don't  contain triangles or double-lriangles. With other words: Con- 
structing the closures of  G" and G~ we only use the relation R2. If  we remove the 
edges (1, 4) and (2, 3) of K,. being contained in G20 (Figure 13) and if we then cont- 
ract the edges (1, x) and (4, y) (Figure 13), we obviously obtain the graph G~= 
= 2 . 3 * 3 .  This means that the graph G,~0 can be built from the graph R?~(G ") 
by adding two relative components. In this case the two relative components are 
both edges whose basis points are vertices of the R~-I(G'). So in this case we needn't  
subdivide edges of the graph R~2(G's). 

References 

[1] L. AUSL~,NDER, T. A. BROWN and J. W. T. YOLrNGS, The Imbedding of Graphs in Manifolds. 
The Journal o f  Mathematics and Mechanics, 12 (1963), 629---634. 

[2] R .  BODENDIEK, H .  SCHUMACHER urld K.  WAGNER, Z t l r  Minimalstruktur der nicht in die pro- 
jektive Ebene einbettbaren Graphen. J. reine angew. Mathematik, 321 (1981), 99---112. 

[3] R. BODENDIEK, H. SCHUMACHER und K. WAGNER, Die Minimalbasis der Menge aller nicht in 
die projektive Ebene einbettbaren Graphen. J. reine angew. Mathematik, 32"/(1981), 119-- 
142. 

[4] R. ]~ODENDIEK, H. SCHUMACI-tER und K. WAGNER, Ober Relationen auf Graphenmengen. Abh. 
Math. Sere. Universit~it Hamburg, 51 (1981), 232--243. 

[5] E. JOACHIM, Minimale Graphen auf orientierbaren geschlossenen Fl~chen. Math.-Phys. Sere- 
Bet. XXV[ (1979), 205--215. 

[6] R. HALtN, Graphentheorie II., Darmstadt, 1981. 
[7] D. KON1G, Theorie der endlichen und unendlichen Graphen. Leipzig 1936. 
[8] C. S. WANG, Embedding graphs in the projective plane, Dissertation, Ohio 1975. 

R. Bodendiek, K. Wagner 

Institut fiir Mathematik und ihre Didaktik 
der PJdagogischen Hochschule Kid 
Olshausenstrafle 75 
2300 Kiel 1 
BRD 


